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The double-layer electron system with total filling factor ν = 1/2 can be regarded as two separate
Fermi-liquid-like states with ν = 1/4 when the layer separation is sufficiently large and there is no
tunneling. The weak tunneling in this state suffers an orthogonality catastrophe and it becomes
irrelevant. Using the symmetric and antisymmetric combinations of layer indices as the pseudospin
degrees of freedom, we show that there exists the first order transition from the above pseudospin
unpolarized state to the pseudospin polarized Fermi-liquid-like state with ν = 1/2 as the tunneling
strength becomes sufficiently large.
PACS numbers: 73.40.Hm, 73.20.Dx
The compressible Fermi-liquid-like state at the filling
factor ν = 1/2m in the lowest Landau level has been a
subject of intensive theoretical [1] and experimental [2]
studies. Upon the experimental observation of the Fermi
surface effects of underlying quasiparticles, the Chern-
Simons Fermi-liquid theory of composite fermions was
formulated and has been successful in explaining many
qualitative features of experimental data [3]. The com-
posite fermion consists of an electron and even num-
ber, 2m, of fictitious flux quanta representing correlation
holes around the electron [4]. The Chern-Simons Fermi-
liquid theory of composite fermions is based on the idea
that the averaged fictitious flux quanta cancels the ex-
ternal magnetic field leading to the fermion system in
zero effective magnetic field. Recently the truly lowest
Landau level theory of the composite fermions was de-
veloped and revealed the dipolar nature of the quasipar-
ticles [5–9]. It has been also established that the results
in the long wavelength and low energy limit of this the-
ory is equivalent to those of the original Chern-Simons
Fermi-liquid theory [5–9].
On the other hand, the half-filled first Landau level
(the total filling factor is 5/2) supports a quantum Hall
state [10]. This observation leads to the studies of paired
quantum Hall states which can be interpreted as the
paired states of composite fermions [11–13]. In partic-
ular, the spin polarized Pfaffian Moore-Read (MR) state
has arisen as a viable candidate which can be regarded as
the p-wave superconductor of composite fermions [12–14].
The mechanism for the pairing was attributed to the
modification of the short range part of the electron-
electron interaction in the first Landau level [15].
The paired quantum Hall states also arise in the
double-layer system of total filling factor 1/2m. If two
layers are well separated, the system consists of two sep-
arate ν = 1/4m compressible Fermi-liquid-like states. It
is found that when two layers become sufficiently close
to each other, there appears a pairing instability of com-
posite fermions which belong to different layers [16]. In
particular, so-called (331) state may arise from p-wave
pairing of composite fermions with the total filling factor
ν = 1/2 [14,17–19]. If the symmetric and antisymmetric
combinations of layer indices are used as the pseudospin
degrees of freedom, the (331) state can be interpreted
as pseudospin unpolarized p-wave paired state of com-
posite fermions [14,18,19]. The tunneling in the (331)
state acts like a Zeeman magnetic field in the pseudospin
space. Upon this observation, it was suggested that there
exists a continuous transition to the pseudospin polar-
ized MR state [14,18,19]. In this case the transition can
be characterized by the appearance of finite pseudospin
magnetization.
Notice that the single layer spin polarized MR state
in the first Landau level may occur due to the pairing
instability of spin polarized Fermi-liquid state of com-
posite fermions [15]. Thus it is natural to ask whether
there exists the pseudospin polarized Fermi-liquid state
of composite fermions in the double layer system in the
presence of tunneling when the interlayer interaction is
not strong enough to derive the system to a paired state.
Let the layer indices ↑ and ↓ represent the eigenstates
of the z-component of the pseudospin. If what tunnel be-
tween layers are composite fermions, the tunneling simply
corresponds to applying a Zeeman magnetic field along
the x-direction in the pseudospin space. Thus it splits the
energy of ψ+ and ψ− fermions; ψ± = (ψ↑ ± ψ↓)/
√
2 are
eigenstates of the x-component of the pseudospin. Any
finite tunneling amplitude will give rise to pseudospin
partially polarized states. When the tunneling amplitude
becomes sufficiently large only the ψ− fermion states will
be occupied leading to completely pseudospin polarized
Fermi-liquid-like state with ν = 1/2.
However, what tunnel between layers are electrons and
the above picture of the composite fermion tunneling may
1
not be adequate. Since the tunneling electrons should
be represented as the composite fermions with four flux
quanta, the tunneling also removes and adds flux quanta
in each layer in addition to composite fermions. In the ef-
fective field theory description, each tunneling event cre-
ates a monopole in the a− = a↑−a↓ Chern-Simons gauge
field configuration, where a↑ and a↓ represent the Chern-
Simons gauge fields associated with the flux attachment
transformations in different layers [20,21]. In this paper,
we investigate the consequence of the tunneling in the
double-layer Fermi-liquid-like states. In particular, we
study the effect of monopoles on the tunneling between
the layers and the transition from the pseudospin unpo-
larized state to the polarized Fermi-liquid-like state.
As previously noticed [21,22], the simple tunneling pro-
cess is suppressed due to the fact that the energy required
to create a single monopole diverges (monopoles are con-
fined). This is an example of orthogonality catastrophe.
Thus the effect linear in the tunneling strength, t, such
as the energy splitting of ψ+ and ψ− fermions, is ab-
sent. The monopoles always appear in the monopole-
antimonopole pairs, with the probability proportional to
exp(−SMM¯ ) where SMM¯ is the monopole-antimonopole
action which depends on the distance between them
in space-time. We found that the effect of monopole-
antimonopole pairs can be represented by an effective
four fermion interaction. By studying this interaction, we
found that small tunneling amplitude, t, does not drive
the transition to the polarized state due to the suppres-
sion of the tunneling events. On the other hand, when
t becomes sufficiently large, the effective Zeeman mag-
netic field is dynamically generated and it leads to the
polarized state. Thus we conclude that, the transition
between the pseudospin unpolarized state and polarized
Fermi-liquid-like state is likely to be a first order transi-
tion.
Let us begin with the discussion about composite
fermions in separate compressible states in each layer.
Here the filling factor of each layer is given by 1/4. In or-
der to get compressible states, we attach four flux quanta
to electrons in each layer independently. This can be
done by introducing two Chern-Simons gauge fields, a↑
and a↓. The action for the system can be written as (we
set h¯ = c = 1) [3,16]
S = S0 + Sint ,
S0 =
∫
d3x ψ†↑
[
∂τ + a0↑ +
(−i∇+ a↑ +A)2
2m∗
− µ
]
ψ↑
+ SCS(a↑) + {↑ ↔ ↓} , (1)
where SCS is the Chern-Simons term,
SCS(a) =
i
2πφ0
∫
d3x ǫαβγaα∂βaγ , (2)
whose role is to attach φ0 flux quanta to each composite
fermion, Sint denotes the interaction between electrons,
ψ, ψ† are the operators for the composite fermions, µ
is the chemical potential and A represents the exter-
nal magnetic field. If φ0 = 4, the external magnetic
field is canceled by the mean value of a↑ and a↓. From
now on, we will use a↑,↓ to represent the fluctuations
δa↑,↓ = a↑,↓ −A.
It is convenient to introduce a± = a↑ ± a↓ which are
related to the symmetric and antisymmetric fluctuations
of the electron densities as ∇ × a± = 2πφ0(δρ↑ ± δρ↓).
Now let us discuss what happens if we allow the tun-
neling between the layers. The tunneling term is given
by
St = t
∫
d3x
[
Ψ†↑Ψ↓ +Ψ
†
↓Ψ↑
]
, (3)
where Ψ†, in contrast to ψ†, is the electron creation op-
erator. The fact that the electron consists of composite
fermion and four flux quanta can be represented by the
following transformation,
Ψ†↑(x) = e
i
∫
d2x′ ϕ(x−x′)ǫij∂iaj↑(x
′)ψ†↑(x) , (4)
where i, j are the spatial indices, and ϕ(x) gives the an-
gle between the two dimensional vector x with respect to
the x-axis. Introducing U for the flux creation operator
in the gauge field a−,
U †(x) = ei
∫
d2x′ ϕ(x−x′)ǫij∂iaj−(x
′) , (5)
the tunneling term can be rewritten as
St = t
∫
d3x
[
U †ψ†↑ψ↓ + Uψ
†
↓ψ↑
]
. (6)
The tunneling of the electrons from one layer to another
creates a naked flux in the gauge field a−, in other words,
a monopole. If there were no monopole in Eq.(6), we
would have concluded that the tunneling just leads to
the level splitting between the symmetric and antisym-
metric sectors and proceeded from there. Here we need
to take into account the monopole terms more carefully.
In order to make a progress, we expand the partition
function
Z =
∫
Da+Da−D[ψ†+, ψ+]D[ψ†−, ψ−] e−S−St , (7)
in powers of t and evaluate the result of the expansion
term by term and perform the a− integral in the presence
of monopoles.
In the expansion, each power of U † and U corresponds
to creating a monopole and an antimonopole in the gauge
field a− respectively. Let us show how the monopole con-
tributions can be evaluated following the analysis of [21].
Consider, for example, the following correlation function
which appears in the expansion of (7) to the second order
in t,
2
〈
U †(x)U(y) ψ†↑(x)ψ↓(x)ψ
†
↓(y)ψ↑(y)
〉
. (8)
This corresponds to creating a monopole at x and an anti-
monopole at y in addition to composite fermion creation
and annihilation processes. Since U † generates a non-
conserved current coupled to the gauge field, naive inte-
gration over a− becomes difficult. The situation can be
improved if we introduce the ‘monopole’ current jµ which
is nonzero along the path x(s) connecting the points x
and y and has the following form,
jµ(x) = x˙µ(s)δ(x − x(s)) . (9)
Here two end points x and y corresponds to the positions
of the monopole and antimonopole. Now we can rewrite
the correlation function (8) in the following fashion,∫
Da−U †(x)U(y)ei
∫
d3xjµaµ−e−Seff (a−) (10)
×
[〈
ψ†↑(x)ψ↓(x)ψ
†
↓(y)ψ↑(y)
〉
e−i
∫
d3xjµaµ−
]
,
where
Seff(a−) = − ln
∫
D[ψ†+, ψ+]D[ψ†−, ψ−] e−S , (11)
and〈
ψ†↑(x)ψ↓(x)ψ
†
↓(y)ψ↑(y)
〉
= (12)∫ D[ψ†+, ψ+]D[ψ†−, ψ−] ψ†↑(x)ψ↓(x)ψ†↓(y)ψ↑(y)e−S
e−Seff (a−)
.
Thus the correlation function of Eq.(8) can be written
as a product of two gauge invariant quantities. In what
follows we assume that the dependence of the term in
the square braket of (10) on a− is weak and can be ne-
glected. This may be a reasonable approximation for
fermions which have typically straight line paths. Now
we have to evaluate the other factor with U , U †, and the
current jµ.
To do the a− integral in (10) we need to know Seff .
One of the terms in this effective action is obviously the
Chern-Simons term, while the other term is generated
dynamically and related to the density and current re-
sponse functions of the system with respect to a− gauge
field. The induced term is known in the RPA approxi-
mation. Now the effective action in the Coulomb gauge
can be written as
Seff(a) =
1
2
∑
q,ω
∑
µν
a∗µ(q, ω)D
−1
µν (q, ω)aν(q, ω) , (13)
and
D−1µν =
(
−m∗2π
(
1 + i ωvF q
)
, iq2πφ0
− iq2πφ0 ,−i 2nekF ωq + χq2
)
, (14)
where χ = 1/(24πm∗)+(1+e2m∗d/ǫ)/(2πm∗φ20). Here d
is the layer spacing and ǫ is the static dielectric constant
of the system. Solving the equation of motion∑
ν
D−1µν (q, ω)aν(q, ω) = jµ(q, ω) , (15)
and substituting the solution into the effective action (13)
the first factor, U †(x)U(y), in Eq.(8) becomes e−SMM¯
where SMM¯ is the action for the monopole and anti-
monopole sitting at x and y respectively. SMM¯ depends
on the distance in space-time between the monopole and
antimonopole. For example, one can show that
SMM¯ (|x0 − y0|,x = y) ∝ |x0 − y0|1/3 , (16)
where |x0 − y0| is the distance in time. We will see that
the detailed from of SMM¯ is not very important as far as
it is finite.
Repeating these manipulations for other terms of the
perturbative expansion of (7) in powers of t, we can
make the following observations. First, the terms in the
odd powers of t in this expansion will involve isolated
monopoles or antimonopoles whose action diverges. Thus
these terms are completely suppressed. Second, among
the terms with even powers of t, only the terms which
have equal number of monopoles and antimonopoles sur-
vive. For each pair of the monopole and antimonopole,
e−SMM¯ factor must be augmented. It can be shown that
all these terms can be resummed to give an effective four-
fermion interaction
S˜t = t
2
∫
d3x d3y ψ†↑(x)ψ↓(x)ψ
†
↓(y)ψ↑(y)e
−SMM¯ . (17)
Using the Hubbard-Stratonovic fieldQ(x), we can rewrite
the above interaction term as
S˜t = t
∫
d3x [Q(x)ψ†↑ψ↓ +Q
∗(x)ψ†↓ψ↑]
+
1
2
∫
d3x d3x′ Q(x)Kˆ(x− x′)Q∗(x′) , (18)
where Kˆ(x) can be determined from e−SMM¯ . Note that
finite Q will provide a dynamically generated effective
composite fermion tunneling term and it will lead to the
transition to the pseudospin polarized state. Without
loss of generality, we can take Q to be real. One can
show that any finite imaginary component corresponds
to choosing an effective magnetic field along a different
direction in pseudospin space.
Now we face the theory defined by the sum of the mean
field action and the new interaction term (18).
S =
∫
d3x
[
ψ†+
(
∂τ − ∇
2
2m∗
− µ+ tQ(x)
)
ψ+
ψ†−
(
∂τ − ∇
2
2m∗
− µ− tQ(x)
)
ψ−
]
3
+
1
2
∫
d3x d3x′ Q(x)Kˆ(x − x′)Q(x′) . (19)
We are going to apply the saddle point approximation to
the action to determine Q field. The saddle point action
is given by
SSP = −
∑
k,ω
[
ψ†k+(iω − ξk − tQ)ψk+
+ ψ†k−(iω − ξk + tQ)ψk−
]
+
1
2
Q2
∫
d3x d3x′ Kˆ(x − x′) . (20)
where ξk = k
2/2m∗ − µ. After integrating out fermions
and minimizing the resulting action with respect to Q,
we find the following self-consistent equation (we set the
volume of the system to be unity).
t
∑
k
[f(ξk−)− f(ξk+)] = KQ , (21)
where ξk± = ξk ± tQ, K =
∫
d3xKˆ(x), and f(x) =
1/(ex/T + 1) is the Fermi distribution function.
At the zero temperature, if Qt < µ, the self-consistent
equation becomes
tN(0)(2tQ) = KQ , (22)
where N(0) = m∗/2π is the density of states in two di-
mensions. Thus there is only the trivial solution Q = 0
in this case. This means that partially pseudospin polar-
ized states are not possible. However, if Qt > µ, only the
antisymmetric sector will be occupied, thus it becomes
tntotal = KQ , (23)
where ntotal is the total density of electrons. This im-
plies that Qt > µ can be satisfied as far as t > t0 =√
K/2N(0). Therefore, the fully pseudospin polarized
state is possible if the tunneling strength is larger than
the threshold value t0 =
√
K/2N(0). Since partially
pseudospin polarized states are not possible, we conclude
that the transition to the fully polarized phase is of first
order. One can also show that finite temperature correc-
tions are small as far as T < µ and the above conclusion
is still valid.
As mentioned in the introduction, some pairing insta-
bility may derive the pseudospin unpolarized and po-
larized Fermi-liquid-like states to the (331) and MR
states respectively when the interlayer interaction be-
comes stronger. In view of the suggestion that the transi-
tion from the (331) state to the MR state is continuous, it
will be interesting to understand how the first order tran-
sition found here is replaced by the continuous transition
when the paired quantum Hall states are formed.
In summary, we studied the effect of tunneling in the
double layer Fermi-liquid-like states. There exists the
first order transition from two separate Fermi-liquid-like
states with ν = 1/4 to a single Fermi-liquid-like state
with ν = 1/2 when the tunneling amplitude becomes
sufficiently large.
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